
Concentration bounds

Markov’s inequality X a non-negative random variable,

P(X ≥ t) ≤ E[X]

t
for every t > 0

Chebyshev’s inequality X a random variable,

P(|X − E[X]| ≥ t) ≤ Var(X)

t2
for every t > 0

Chernoff bound X ∼ Bin(n, p),

P(|X − np| ≥ t) ≤ 2e
− t2

3np for every t > 0

Symmetric Lovász Local Lemma (Ai)i∈[n] a collection of events, d ∈ N and p ∈ [0, 1) such that ep(d+1) ≤ 1
(or 4pd ≤ 1),

(i) for every i, P(Ai) ≤ p,

(ii) every Ai is mutually independent from all but at most d other events.
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Asymmetric Lovász Local Lemma (Ai)i∈[n] a collection of events, D a dependency graph of (Ai)i∈[n], and
(xi)i∈[n] ∈ [0, 1)n such that,

(i) for every i, P(Ai) ≤ xi
∏

j : ij∈E(D)(1− xj).
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Simple concentration bound (Ti)i∈[n] a collection of independent trials, X = f(T1, . . . Tn) and c > 0 such
that

(i) changing the outcome of any single Ti affects X by at most c.

P (|X − E[X]| ≥ t) ≤ 2e−
t2

2c2n for every t > 0

Talagrand’s inequality (Ti)i∈[n] a collection of independent trials, X = f(T1, . . . Tn) and c, r > 0 such that

(i) changing the outcome of any single Ti affects X by at most c,

(ii) for every s, X ≥ s can be certified by fixing the outcomes of at most rs trials.

P (|X − E[X]| ≥ t) ≲ 2e
− βt2

E[X] for every β <
1

8c2r
and every t ≫

√
E[X]

McDiarmid’s inequality (Ti)i∈[n] a collection of independent trials, (πj)jı[m] a collection of independent
permutations, X = f(T1, . . . Tn, π1, . . . πm) and c, r > 0 such that

(i) changing the outcome of any single Ti affects X by at most c,



(ii) permuting two elements in any single πj affects X by at most c,

(iii) for every s, X ≥ s can be certified by fixing the outcomes of at most rs trials.

P (|X − E[X]| ≥ t) ≲ 2e
− βt2

E[X] for every β <
1

8c2r
and every t ≫

√
E[X]

Azuma’s inequality (Ti)i∈[n] a collection of trials, X = f(T1, . . . Tn) and (ci)i∈[n] ∈ R>0 such that

(i) for every i, and every t1, . . . , ti and t′i, |E [X|T1 = t1, . . . Ti = ti]− E [X|T1 = t1, . . . Ti = t′i]| ≤ ci.

P (|X − E[X]| ≥ t) ≤ 2e
− t2
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