Random graphs and thresholds

March 26, 2026

Exercise 1.
Show that for every § > 0, a series of n independent coin flips contains & consecutive heads

e with probability o(1) if k¥ < (1 + 6)log, n,

e with probability 1 — o(1) if £ < (1 — ) logy n.

Solution 1.

Let X1,...X,, be n independent Bernoulli variable of parameter 1/2. Let Hj be the number of sequences
of k consecutive 1 in (Xi,...X,,). That is, Hy = Z?:_lk Xivo- - Xiyn_1. We have E(Hy) = (n — k + 1)27F
by linearity of expectation. We also have

n—k+1 k—1n—k—j
Var(Hy) = Y Var(Xipo-- Xige—1) + Y Y Cov(Xigo- - Xiph—1, Xijso - Xigjon—1)
i=1 =1 i1

k—1
<n2 F(1—27F) 40 (27CF) — 27
7j=1
k—1
<n2 P4+ n27y (279 - 1)
j=1

< p2- (1)

o If k < (1 +6)logyn, then E(H) < n~% so by Markov’s inequality, E(Hy) = o(1) and by Markov’s
inequality, P(Hx = 0) <1 —o(1)

o If k> (1 — §)logy n, then E(Hy,) > n®/2 — oo and Var(Hy) < nd.

Var(Hk) . .

P(Hy <E(Hy)/2) < 755 By Chebyshev’ lit

(Hy, < E(Hy)/ )_(E(Hk)/2)2 y Chebyshev’s inequality
§4n*5

So P(Hk > 0)=1—o(1).

Exercise 2.

Let Sy, be a random subset of [n] such that each element of [n] is selected independently with probability
p. For any fixed k > 3, determine the threshold at which S, , contains an arithmetic progression of length
k. Is it a a coarse or a sharp threshold?

Solution 2.
Let X count the number of arithmetic progressions of length k in S, ,. We have E[X] = p* - AP(k,n) where

AP(k,n) counts the number of arithmetic progressions in [n]. We have AP(k,n) = Z}Z{H (n — ki) ~ g—z
Ifp<(1-9) (i—lg)l/k, then E(X) < (1 —d)*. So by Markov’s inequality, S, , has with high probability
no arithmetic progression of length £ if p <« (%)I/k and the threshold is coarse.



Exercise 3. Threshold for cycles
What is the threshold for G(n,p) to contain a cycle? Is it coarse or sharp?

Solution 3.
We prove that 1/n is a coarse threshold for containing a cycle. Let X be the number of cycles in G(n,p).
We have E[X] =Y} _, (Z) 2 == kal ’“k < (n )* . Hence, E[X] =0(1) if p < (1 —16)/n.

Let p 2 (1 +9)/n. By Chernoff s bound, the number of edges in G(n,p) is at least n with probability
1 —o(1) so G(n,p) contains a cycle asymptotically almost surely.

Exercise 4. Poisson limit
The k% moment of a random variable X is E[X*]. A random variable X with finite moments is determined

by its moments if for every random variable Y such that E[X*] = E[Y¥] for every k, then X 2y, I
particular every random variable X such that there exists C' > 0 such that [E[X*]| < C¥k! for every F, is
determined by its moments.

Let X be a random variable determined by its moments and let (X, ),>0 be a sequence of random variables
with finite moments such that for every k, E[X*] — E[X*]. Then X,, converges in distribution to X.
Alternatively, all the previous definition hold by replacing moment by the k™ factorial moment E[X - (X —
1) (X —k+1)] =k-E[(})].

In particular Poisson distributions are determined by their moments and:

Theorem 1 Let X,, be a sequence of random variables with finite moments, such that E[()fcn)] — NFE! for
every k. Then X, converges in distribution to a random Poisson variable of parameter .

Let p(n) ~ ¢/n for some fixed constant ¢ > 0. Let X,, be the random variable counting the number of
triangles in G(n, p).

1. Determine the asymptotics of E [()i”)]

2. Let A > 0 and Y;, ~ Bin(n, A\/n). Determine the asymptotics of of E [(i")]

3. Let m € N, compute the limit of P(X,, = m) (we admit the fact that Y,, converges in distribution to
the Poisson distribution of parameter A). What is the asymptotic probability that G(n,p) contains a
triangle 7

Solution 4.
1. We have

Xn :
E [( p >] = . Z P(T},...T} are triangles of G(n,p))
1,

... Ty, distinct triangles

— Z pe(TlU..ATk)

Ty,... Ty, distinct triangles
Let T ...T); be vertex-disjoint triangles. We have e(Ty U ...Ty) = 3k and there exists ;(3) -

k
(”g?’) e ("_?gk+3) ~ (%) . % such choices of triangles. Let T7...T} be distinct triangles such that

some T; shares at least one edge with some other triangle. Then e(T7U...T)) < 3k —1 and the number
of choices of such triangle is O(n3*~1)+1) Thus,

=[(0)]-(5) %

Y, . . .
E [( )] = Z P(we tossed 1 for every integer iy, ... 1)

1...1% distinct integers

_ (") & )‘_k
= (i~ %

2. We have



3. X, converges in distribution towards a Poisson distribution of parameter A\ = ¢3/6. Hence P(X,, =

>\m7>\ 736
m) — 25 /6,

. Hence P(G(n,p) contains a triangle) — 1 —e

Exercise 5.

Let H be the following graph: @ Using an ad hoc proof, what is the threshold for having H as a subgraph?

Exercise 6.
Prove that there exists ¢ > 0 such that G(n,nfl/ 2) has asymptotically almost surely at least cn
disjoint triangles.

3/2 edge-

Solution 6.

Let H(n,p) be the graph whose vertices are the triangles of of G(n,p) with an edge between two triangles
if they share an edge. Let X be the number of vertices in H(n,p) and Y be the number of edges. We have
E[X] = (3)p* ~ n3/2 /6 by linearity of expectation and

Var(X) = ZVar(XT) + Z Cov (X, X1,)
T

T1,T> sharing an edge

(o ()

3/2 n4 5
6 4 =12

3/2

Hence by Chebyshev’s inequality, P(|X —E(X)| > *—) = O(n=3/2).
We have E[Y] = (3) w;ﬁ ~ n32/12 and

Var(Y) = Z Var(YT1T2) + Z COV(XTng , XT3T4)
T1,T> sharing an edge T1,.. T4 sharing some edges
n\3(n—3
< (M) 2235 1 oty
3 2

To bound the covariances, one needs to distinguish cases depending on number of intersections. So by
3/2

Chebyshev P(|Y — E(Y)| > "5-0) = O(n=3/%). Hence asymptotically almost surely, H(n,p) has constant
average degree and thus a linear size independent set.

% Exercise 7. Threshold for connectedness

n(n)+cn

Let p = ! -~ The goal of this exercise is to determine the connectedness threshold of G(n, p).

0 ife, —»> — bitrarily slowl
1. Prove that P[G(n,p) has no isolated vertex] — 1 n > ar. ' r‘(.in v SOW
1 if ¢, — oo arbitrarily slowly

2. By considering X count the number of connected components of size exactly k in G(n, p), show that

P[G(n, p)is connected] = 1 — o(1) if ¢,, — oo arbitrarily slowly

% Solution 7.

1. Let X count the number of isolated vertices in G(n,p). By linearity of expectation, we have

E(X) =n(1—p)"!
= exp (ln(n) —(n— 1)ln(n)n—|—cn + 0 <<ln(n)+cn>2>> because 1 —y = e yTOW?)

n

= (1= o(1)) exp(—cn)



Hence, if ¢,, — oo, then P[G(n,p) has no isolated vertex] = P[X < 1] = o(1) by Markov’s inequality.
Conversely, let X, be the indicator variable that v is an isolated vertex. We have X = ZUEV Xy
and Var(X) =}, oy Var(Xy) + 3, ey Cov(Xy, Xy). We have Var(X,) = (1—p)"~ li-(a- p)" D)
and Cov(X,, X,) = p(1 — p)?"~3 and for A € (0, 1),

P(X < (1 — ME[X]) < 225X

= VEX]? by Chebyshev’s inequality

)nl

1-(1—p" p
= Z Nn(l—pr Tt =g W

Let Y =37 X and X = 2k<n/2 Xk- 1Y > 2 then one of the connected components of G(n, p)
must have size at most n/2, so X > 1. Thus,

PlY > 2] < P[X < 1]

< E[X] by Markov’s inequality
[n/2]
< Z E[Xk] by linearity of Expectation
We have
n e
k
< (%) ¢~ PR(n=k) By Stirling approximation formula
< (exp(ln(n) —pn—k)+ 1)>k
- k

Without loss of generality, we assume that ¢, = o(In(n)). We distinguish two cases. If k € [n%/*,n/2],
then

k
E[X,] < (exp((ln(ni;/—;n)ﬁ + 1)

< o(1/n)

If2<k< n3/4, then

k
Bl < (220800 = Ga(n)+e0)1 o)

k
k
< (eXp(_Cn(l + 0(1)))) _ O(Q_k)
k
Combining these bounds and the fact that E(X7) = o(1) is the number of isolated vertices,
n3/4 n/2
P[Y >2] < +ZEXk > E[X
k=n3/4
n3/4
)+o Z 27%) 4+ n-o(1/n)

< o(1)

So G(n,p) is connected with high probability.



